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CONSIDERATIONS ON ERRONEOUS FLOW EQUATIONS I N  
CYLINDRICAL AND SPHEXICAL COORDINATES 

INTRODUCTION 

This  i s  the  n ine teenth  Quarter ly  Progress  Report on P r o j e c t  

NASr-7. The t i t l e  of t h i s  p r o j e c t  i s  "Shock, Flow and Radia t ion  from the  

Hypervelocity Impact of  Micropart ic les" .  The a n a l y t i c a l  and experimental  

phases of t h i s  p r o j e c t  a r e  concerned wi th  the phenomena t h a t  occur wi th  the  

hyperve loc i ty  impact of mic ropa r t i c l e s  on a massive t a r g e t ,  which may be 

s o l i d  or layered.  The o v e r a l l  ob jec t ive  i s  t o  ob ta in  a s u f f i c i e n t l y  funda- 

mental understanding of t he  phys ica l  mechanisms i n  the  hyperve loc i ty  impact 

of a mic ropa r t i c l e  s o  t h a t  t h e  momentum and the energy t r a n s f e r r e d  from the  

p a r t i c l e  t o  t h e  t a r g e t  may be a sce r t a ined ,  and poss ib ly ,  t he  d e n s i t y  of the  

i n c i d e n t  mic ropa r t i c l e s  may be est imated.  

The two i n c o r r e c t  Progress  Reports ,  Nos. 1 7  and 18, were forwarded 

w i t h  comments t h a t  ignore the  bas ic  e r r o r s  i n  them. This  w a s  considered acr 

cep tab le  provided the  d i s t r i b u t i o n  w a s  r e s t r i c t e d  and t h e  e r r o r s  were discussed 

i n  the  next  r e p o r t .  It i s  most embarrassing t o  have these  i n c o r r e c t  r e p o r t s  

f l o a t i n g  around wi thout  comments t h a t  c o r r e c t l y  eva lua te  them. A s  i t  develops,  

some dependence may be placed on t h e  curves  i n  these  r e p o r t s .  With some re- 

w r i t i n g  of t he  r e p o r t s ,  t he  curves could be used t o  i l l u s c r a t e  the piublem of 

an i n f i n i t e l y  long cy l inder  which is  inc iden t  a t  hyperve loc i ty  on a s e m i -  

i n f i n i t e  s l a b .  The criticisms of the t h e s i s  which i s  Progress  Reports Nos. 17  

and 18 i s  equal ly  v a l i d  as a c r i t i c i s m  of t he  t h e s i s  which was forwarded a s  

Progress  Report No. 13.  

The Progress  Reports t h a t  a r e  mentioned above a r e  i n  e r r o r  when 

r e fe rence  is  made t o  the  impact of a sphere.  The reports a r e  a lmost ,  bu t  not  

q u i t e  c o r r e c t ,  provided the  nomenclature i s  changed t o  c la im a s o l u t i o n  f o r  



. 
the hyperve loc i ty  impact of  an i n f i n i t e l y  long, aluminum cy l inde r  on a s e m i -  

i n f i n i t e  s l a b  of aluminum. The q u a l i t a t i v e  f e a t u r e s  of  t he  impact a r e  correct 

but  t he  q u a n t i t a t i v e  va lues  a r e  i n  e r r o r .  This  i s  a t t r i b u t a b l e  t o  the  omission 

of one term from each o f  t he  two momentum equat ions.  

f o r  t h e  r a d i a l  component of  t h e  momentum and the  a t h e r  one is f o r  t h e  t r ansve r se  

component of t h e  momentum. 

One momentum equat ion  i s  

I n  the  fol lowing r e p o r t ,  t h e  errors i n  Progress  Reports 17 and 18 a r e  

always c i t e d ,  The equat ions i n  Progress Report 13 have t h e  same b a s i c  e r r o r s  

and some a d d i t i o n a l  e r r o r s  from ca re l e s sness  with the  t r a n s c r i p t i o n ,  bu t  no 

c i t e  them would be confusing. The following r e p o r t  s t a r t s  wi th  a cons ide ra t ion  

of t h e  errors i n  the  flow equat ions f o r  the  conserva t ion  of mass, momentum and 

energy. I n  each case ,  t he  "conservative" equat ions i n  t h e  report a r e  converted 

t o  the  component form of t h e  flow equat ions t h a t  a r e  given by Rae . A c ross -  

check is e s t a b l i s h e d  when the  vec tor  form of the  equat ions of flow by R. D. 

Richtmyer a r e  converted to  Rae's form of the  equat ions ,  

a r e  confined to  c y l i n d r i c a l  coordinates .  

3 

These cons ide ra t ions  

A f t e r  cons idera t ion  of each of t he  conserva t ion  equat ions ,  t he  component 

forms of t h e  equat ions a r e  essembled i n  one s e c t i o n  f o r  f u t u r e  re ference .  The 

equat ions  a r e  given i n  s p h e r i c a l  coordinates  but  a r e  not  der ived.  The reduct ion  

from t h e  "conservative" to  t h e  component form belongs i n  the  r ev i sed  t h e s i s .  

The i n i t i a l  boundary condi t ions  a r e  considered and it is  shown t h a t  those  i n  

the  t h e s i s  a r e  f o r  an i n f i n i t e l y  long cy l inde r .  

equa t ions  f o r  computer c a l c u l a t i o n s  a r e  discussed and specula t ions  a r e  made on 

the  i n t r i n s i c  va lue  of t he  so lu t ions  t h a t  were forwarded i n  Progress  Reports 13, 

1 7  and 18. The eva lua t ion  must be designated a s  specu la t ive  u n t i l  t he  a c t u a l  

s o l u t i o n s  a r e  obtained because of the a v a i l a b l e  information.  I n  t h i s  connect ion,  

i t  may be mentioned t h a t  Bjork e t  a17 employed the  ca l cu la t ed  r e s u l t s  from the  

o b l i q u e ,  hyperve loc i ty  impact of an i n f i n i t e l y  long cy l inde r  to estimate the  

e f f e c t  from the  impact of a sphere.  

The "conservative" form of the  
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DEFINITION OF UNITS OF ENERGY 

The cri t icisms and the co r rec t ions  are given wi th  page r e fe rences  

t o  the  unaccepted Ph.D. t h e s i s  which i s  Progress  Report No. 1 7 .  The f i r s t  

equat ion f o r  r e fe rence  is  equat ion 2 . 3  on page 10 

In  t h i s  equat ion,  t h e  t e r m  e is c o r r e c t l y  def ined as " the  t o t a l  energy per  

u n i t  mass". The p r a c t i c a l  u n i t s  a r e  e r g s  pe r  gram. This equat ion i s  c o r r e c t  

bu t  t h e  statement i s  no t  t h e  most u s e f u l  f o r  f u r t h e r  c a l c u l a t i o n s .  It w i l l  

be converted t o  a more common form below. The second equat ion f o r  r e fe rence  

i s  equat ion 2 . 4  on page 10 

Th i s  equat ion i s  c o r r e c t  when e i s  t h e  t o t a l  i n t e r n a l  energy p e r  u n i t  mass. 

Observe the  d i f f e r e n c e  i n  t h e  u n i t s  i n  these two equat ions.  The preceding 

equat ions and a l l  o the r  equat ions up t o  page 10 i n  the  r e p o r t  are c o r r e c t .  

Considerable r o u t i n e  c a l c u l a t i o n  is  r equ i r ed  t o  show t h a t  Equation 1 i s  

c o r r e c t .  This  c a l c u l a t i o n  w i l l  be given below. The proof of t h i s  r e l a t i o n  

i s  s t r a igh t fo rward  bu t  i s  very long and i s  placed i n  Appendix I. 

CONSERVATION OF MASS 

The f i r s t  erroneous equation, as presented i n  t h e  r e p o r t ,  i s  equat ion 

2 .5  on page 12. This  equat ion s t a t e s  
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The preceding equat ion is  the  equiva len t  of the  v e c t o r  equat ion  f o r  t he  

conservat ion of mass i n  c y l i n d r i c a l  coordinates  t h a t  i s  given i n  equat ion 

a i n  Appendix A. The proof t h a t  t h e  preceding equat ion  is equiva len t  t o  

the  vec to r  equat ion from Richtmyer and to t h e  components equat ion  from Rae is 

given i n  Appendix B. 

found i n  the  appendix to have the  form 

I n  terms of t he  component equatiorr, Equation 3 is  

he + u u  + wde + p [g + a!!L + 3 = 0 a t  a r  rae ra0  1: 

This equat ion  is c o r r e c t  f o r  c y l i n d r i c a l  coord ina tes .  For s p h e r i c a l  

coord ina tes  wi th  no flow i n  t h e  d i r e c t i o n  of  r s i n e  A @ ,  t he  equat ion  be-  

comes 

32 + + wae + p [E + + + c o t  e] a t  a. rae rae r r 

( 4 )  

(5) 

By a comparison of Equations 4 and 5, t he  equat ion i n  s p h e r i c a l  coord ina tes  

has  t h e  added terms 

[ + c o t  e] 
r r  

CONSERVATION OF MOMENTUM 

The next  i n c o r r e c t  equat ion is  the  unnumbered r e l a t i o n  a t  t h e  top  

of page 13 i n  the  t h e s i s .  There a r e  two e r r o r s  i n  t h i s  equat ion.  F i r s t ,  a 

term, -. should mul t ip ly  the  l a s t  term on the  l e f t  s i d e  of t he  e q u a l i t y  s i g n ;  1 
D 

i . e .  t h e  l a s t  term should read hE . The second error i n  t h i s  r e l a t i o n  is  
P ar 

t h e  omission of a term t h a t  w i l l  be named i n  r e fe rence  t o  the  next  equat ion i n  
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t h e  t h e s i s .  

aga in  i n  the  t h e s i s ,  no f u r t h e r  reference w i l l  be made t o  t h i s  r e l a t i o n .  

Since t h i s  r e l a t i o n  i s  n o t  r equ i r ed  i n  t h i s  proof and i s  n o t  used 

The next  equat ion i n  the r e p o r t  i s  t h e  f i r s t  of t h e  two conservat ion 

of momentum equat ions.  The two momentum equat ions are t h e  r a d i a l  and t h e  

t a n g e n t i a l  components f o r  t he  vector  form of t h e  conservat ion of momentum 

equat ion.  The equat ion f o r  t h e  r a d i a l  component of  t h e  v e l o c i t y ,  u, i s  

Equat ion 2.6 on page 13. This equation i s  i n  e r r o r  as i t  appears i n  t h e  

t h e s i s .  It i s  important t o  note  t h a t  t h e  co r rec t ed  equat ion i s  v a l i d  f o r  

both c y l i n d r i c a l  and f o r  symmetrical flow i n  s p h e r i c a l  coord ina t i e s .  By 

symmetrical flow i n  s p h e r i c a l  coordinates  i s  ind ica t ed  a flow i n  which the 

component i n  t h e  d i r e c t i o n  of r s i n e  A@ i s  zero.  Equation 2.6 i n  t h e  t h e s i s  

i s  i n  e r r o r  by t h e  omission of a t e r m .  The i n c o r r e c t  equat ion i n  t h e  t e x t ,  

Equation 2.6 on page 13, 'is 

To be c o r r e c t  f o r  c y l i n d r i c a l  coordinates  and f o r  symmetrical flow i n  

s p h e r i c a l  coord ina te s ,  i t  should be w r i t t e n  

(7) 

The proof of t h i s  r e l a t i o n  i s  obtained by the  use of t h e  r e l a t i o n  i n  Equation 3 ,  

above. 

Rae and Henry P. Kirchner 

Hypervelocity Impact. 

The c o r r e c t  equat ion f o r  components i s  taken from a paper by W i l l i a m  J. 

4 t h a t  was presented a t  t h e  S i x t h  Conference on 

The c o r r e c t  equat ion i s  
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The proof of t he  equivalence of Equations 7 and 8 i s  given i n  the  f i r s t  

p a r t  of  Appendix C. 

The second, and las t  component of  the momentum r e l a t i o n  i s  Equation 

2.7 on page 13. This  r e l a t i o n  i s  f o r  t he  w component of t h e  v e l o c i t y  which 

i s  i n  t h e  t a n g e n t i a l  d i r e c t i o n ,  r A 0 ; i .e.  i n  a plane t h a t  con ta ins  the  

o r i g i n  and the  c y l i n d r i c a l  r a d i i ,  r .  As w a s  t r u e  f o r  t he  o the r  component 

of t h e  v e l o c i t y ,  t h a t  i s  the  u-component, t h e  c o r r e c t  form of t h i s  r e l a t i o n  

a p p l i e s  f o r  both c y l i n d r i c a l  coordinates  and f o r  s p h e r i c a l  coordinates  

provided the re  i s  no flow i n  t h e  d i r e c t i o n  of r s i n e  &$ f o r  t he  s p h e r i c a l  

coordinates .  The i n c o r r e c t  momentum equat ion f o r  t h e  v e l o c i t y  component, w, 

i s  w r i t t e n  

To c o r r e c t  t h i s  equat ion f o r  both c y l i n d r i c a l  and s p h e r i c a l  coordinates  

w i t h  symmetrical flow, a t e r m  must be sub t r ac t ed .  The c o r r e c t  equat ion i s  

The proof of t h i s  r e l a t i o n  i s  e a s i l y  obtained by t h e  use of Equation 3, above. 

The c o r r e c t  equat ion i s  given by Rae  and Kirchner 4 and i s  
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The proof of the equivalence of Equations 10 and 11 i s  given i n  Appendix C. 

CONSERVATION OF ENERGY 

There are two forms of t h e  equat ion for  t h e  conservat ion of 

energy i n  t h e  t h e s i s .  The f i r s t  r e l a t i o n  i s  Equation 2.3 on page 10 of t h e  

t h e s i s .  Th i s  equat ion i s  c o r r e c t .  It was f i r s t  w r i t t e n  as Equation 1 i n  

t h i s  r e p o r t  and was shown t o  be c o r r e c t  i n  Appendix A. This equat ion i s  

w r i t t e n  

P = -O.<P3 

where f i s  the v e c t o r  v e l o c i t y  of flow, p is  the  p re s su re ,  p i s  t h e  d e n s i t y  

and, e ,  i s  t h e  t o t a l  energy. Observe t h a t - t h e  t o t a l  d e r i v a t i v e  is  required 

on t h e  l e f t  s i d e  of t h i s  equation. The r e l a t i o n  between t h e  t o t a l  energy 

p e r  u n i t  mass, e ,  and t h e  i n t e r n a l  energy pe r  u n i t  mass, e ,  i n  c y l i n d r i c a l  

coord ina te s  with no flow i n  t h e  d i r e c t i o n ,  a, i s  

1 2  = e + 1 u2 + - w 2 2 

where u i s  t h e  component of t h e  v e l o c i t y  i n  t h e  d i r e c t i o n ,  A r  , and w is the 

component of t he  ve ioc i iy  iii  the directiorz, I n  Appendix A,  i t  w a s  shown 

t h a t  Equation 1, above, can be converted t o  t h e  vec to r  form of the  equat ion 

f o r  t h e  conservat ion of  energy t h a t  i s  given by Richtmyer5, and which i s  given 

as Equation c i n  Appendix A. 

A s  more of the text of t h e  t h e s i s  i s  considered, the conservat ion 

of energy, Equation 28 on page 13, i s  wrong, as i t  is w r i t t e n .  The e r r o r  i s  



. .  . .. .. - .  
8 

one of ca re l e s sness  i n  copying. I n  t h i s  equa t ion ,  t h e  symbol, e ,  i s  used 

without  d e f i n i t i o n ,  a t  t h e  equat ion.  A d e f i n i t i o n  o f  t h e  symbol, e ,  is 

inherent  i n  Equation 2 of  t h i s  r e p o r t ,  which is Equation 2.4 on page 10 of 

t he  t h e s i s .  By employing the  symbol, e, i n  the  equat ion  of s t a t e ,  it must 

be def ined a s  the  i n t e r n a l  energy and i t  may be def ined  a s  the  i n t e r n a l  energy 

per  u n i t  mass. The equat ion  from the  t h e s i s  i s  

This  equat ion  is  wrong, as i t  is written. The c o r r e c t  equat ion should have 

E i n s t e a d  of e ;  i.e. t he  t o t a l  energy i n s t e a d  of  t he  i n t e r n a l  energy. The 

t o t a l  energy is  the  sum of  the  i n t e r n a l  energy and the  k i n e t i c  energy as is 

shown by Equation 12 ,  above. The c o r r e c t  form of  the  preceding equat ion is 

3 
The proof t h a t  t h i s  equat ion  is c o r r e c t  and reduces t o  Rae's 

presented  i n  the  f i r s t  p a r t  of Appendix D. 

equa t ion  is  

equat ion is  

The component form of Rae's 

I n  t h e  second p a r t  of Appendix D ,  it is  shown t h a t  t he  v e c t o r  form of the  

equa t ion  f o r  t he  conserva t ion  of energy from Richtmyer' reduces t o  Rae's 

component equation3 which i s  reproduced a s  Equation 14, above. 
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I n  t h e  course of t h e  preceding mathematical d e r i v a t i o n s ,  t h e  e x t e n t  

of t h e  v a l i d i t y  of Equation 13 became apparent .  The equat ion is  c o r r e c t  f o r  

c y l i n d r i c a l  coordinates  when the  flow is  zero i n  the  d i r e c t i o n ,  m. There 

may be flow i n  both of t h e  d i r e c t i o n s  A r  and rAe. 

f o r  s p h e r i c a l  flow when t h e r e  i s  no flow i n  the  t a n g e n t i a l  d i r e c t i o n ,  r s i n e  A@. 

The equat ion i s  a l s o  c o r r e c t  

CORRECT FLOW EQUATIONS I N  CYLINDRICAL AND 
SPHERICAL COORDINATES 

The preceding d i scuss ion  i s  concerned wi th  c o l l e c t i n g  and p r w i n g  

the accuracy, o r  error, i n  the  equations f o r  hydrodynamic flow i n  Eu le r i an  

form. With the  d i r e c t  approach t o  t h i s  problem, t h e  d i scuss ion  has  s c a t t e r e d  

t h e  c o r r e c t  equat ions over s eve ra l  pages. The equat ions are c o l l e c t e d  below 

s o  the s l i g h t  dev ia t ions  between the equat ions f o r  c y l i n d r i c a l  and s p h e r i c a l  

flow are e a s i l y  shown. The sphe r i ca l  equat ions are n o t  s p e c i f i c a l l y  der ived 

i n  t h i s  r e p o r t ,  s i n c e  they are a v a i l a b l e  from Rae.  

A b a s i c  assumption i s  made t h a t  t h e  flow of s o l i d s  under t h e  tre- 

mendous f o r c e s  from a hyperveloci ty  impact may be c a l c u l a t e d  wi th  the  equat ions 

f o r  non-viscous, hydrodynamic flow. Two d i f f e r e n t  conf igu ra t ions  of t h e  i m -  

p a c t i n g  bodies are t o  be considered. One problem i s  t h e  hyperveloci ty  i m -  

p a c t  of a n  i n f i n i t e l y  long cyl inder  onto a s e m i - i n f i n i t e  s l a b  wi th  t h e  axis 

of t he  cy l inde r  p a r a l l e l  t o  t h e  s u r f a c e  of t he  s l a b .  The second problem i s  

t h e  hyperveloci ty  impact of  a sphere on a s e m i - i n f i n i t e  s l a b .  The flow 

equa t ions  should be i n  d i f f e r e n t  coordinate  systems f o r  t h e  most d i r e c t  

s o l u t i o n  of t hese  two problems. 

E u l e r i a n  Flow Equations i n  Cy l ind r i ca l  Coordinates 

For the  hypervelocity impact of an i n f i n i t e l y  long cy l inde r ,  

c y l i n d r i c a l  coordinates  are used b u t  t h e r e  i s  no flow i n  t h e  d i r e c t i o n  of t he  
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a x i s  of t he  c y l i n d e r ,  which is  taken t o  be i n  the  z - d i r e c t i o n  with the  

o t h e r  coord ina tes  a s  r and 6 .  

from the  preceding p a r t s  of t h i s  repor t .  

The Euler ian  equat ions of flow a r e  c o l l e c t e d  

Conservation of Mass 

Conserva t ion  of Momentum 

Conservation of Energy 

Two of t h e  equat ions i n  Sodek's t h e s i s  d e v i a t e  from the  above 

equat ions  which a r e  f o r  an  impacting c y l i n d e r ,  and not  f o r  a sphere a s  t he  

t h e s i s  s t a t e s .  The dev ia t ions  a r e  i n  the  two equat ions f o r  the  conservat ion 

of momentum, The term, - , i s  omitted from Equation 8 and the  term + - r 
uw z 

, 

is  omit ted from Equation 10. 

and of energy a r e  the  same a s  i n  the t h e s i s .  

equa t ions  from those f o r  an impacting sphere a r e  discussed below. 

The equat ions f o r  t he  conserva t ion  of mass 

The dev ia t ions  of t he  t h e s i s  
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Euler ian  Flow Equations i n  Spher ica l  Coordinates 

For the  hyperve loc i ty  impact of  a sphere on a s e m i - i n f i n i t e  

s l a b ,  s p h e r i c a l  coord ina tes  a r e  the  most p r a c t i c a l  but t he  flow is  e n t i r e l y  

r a d i a l  so t he  v a r i a b l e s  a r e  r and 0.  There is no t a n g e n t i a l  f low i n  the  

d i r e c t i o n  of r s i n 0  A@. The Euler ian  equat ions  of flow a r e  given by Rae 

and have not  been s p e c i f i c a l l y  proved i n  t h i s  r epor t .  

3 

Conservation of Mass 

+ u& + * +  p [E+ % + + W- c o t  e ] = 0 a t  a r  rae r r 

Conservation of Momentum, no change from c y l i n d r i c a l  

Conservation of Energy, no change from c y l i n d r i c a l  

It is  t o  be observed t h a t  t h e r e  is a change i n  only the  f i r s t  equa t ion  from 

the  same flow equat ions i n  c y l i n d r i c a l  coord ina tes .  This means, however, t h a t  

t h r e e  of t he  four  equat ions  f o r  hydrodynamic flow i n  the  t h e s i s  a r e  not  

c o r r e c t  f o r  an impacting sphere.  The momentum equat ions have the  same error 
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as f o r  a n  impacting cy l inde r .  The equat ions for t h e  conservat ion of mass 

r e q u i r e s  t h e  a d d i t i o n  of two terms, + c o t  8 .  

The flow equat ions a r e  no t ,  of course,  t he  only f a c t o r s  t h a t  

r r  

a f f e c t  t h e  s o l u t i o n .  The i n i t i a l  boundary condi t ions f o r  t h e  c y l i n d r i c a l  

and s p h e r i c a l  impact are q u i t e  d i f f e r e n t  and have a major a f f e c t  on the  

s o l u t i o n .  

s ec t ion .  Af t e r  t hese  are presented, t h e r e  i s  a short  d i scuss ion  of the 

s i g n i f i c a n c e  of t h e  s o l u t i o n  t h a t  is  obtained i n  t h e  t h e s i s .  

The boundary condi t ions are presented and discussed i n  t h e  next  

INITIAL B O W A R Y  CONDITIONS 

I n  the t h e s i s ,  t he  i n i t i a l  va lues  and t h e  i n i t i a l  boundary 

condi t ions are mentioned i n  s e v e r a l  places .  

i s  on pages 39 t o  42, i n c l u s i v e .  There i s  a d d i t i o n a l  d i s c u s s i o n  and t h e  

ve ry  p e r t i n e n t  Figure 8 on pages 51 t o  53, i nc lus ive .  There are some o the r  

i n d i r e c t  r e fe rences  i n  connection wi th  the  d i f f e r e n c e  equat ions.  The sketch 

The most ex tens ive  d i scuss ion  

i n  Figure 8 does not  have t h e  c o r r e c t  proport ions,  b u t  i t  does i l l u s t r a t e  

p e r t i n e n t  f e a t u r e s  of the problem. The d i scuss ions  i n  these  two p laces  i n  

t h e  t h e s i s  are no t  e n t i r e l y  e x p l i c i t ,  bu t  only a very l i t t l e  a d d i t i o n a l  

information is  r equ i r ed  from the author  of t h e  t h e s i s  i n  o rde r  t o  a s c e r t a i n  

the  s i t u a t i o n .  

The p o s i t i o n  of t h e  o r i g i n  of t h e  coordinate  system must be 

de f ined  with r e s p e c t  t o  t h e  point  of impact. R e f e r  t o  Figure 8 i n  t h e t h e s i s  

f o r  t h e  p o s i t i o n  of t he  coordinate system. The o r i g i n  i s  taken t o  be a t  a 

d i s t a n c e ,  3R, above t h e  plane of impact-- this  i s  not  t he  proport ions i n  

F igu re  8 .  The r a d i u s  of the impacting sphere i s  def ined as R. The r a d i u s  

of t he  coordinate  system, r ,  is  measured from t h e  o r i g i n .  The angle ,  e=45 , 

i s  shown i n  Figure 8. S t r a i g h t  down i n  t h i s  f i g u r e  corresponds t o  8=90 . 

0 

0 
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0 0 
I n  the  computer c a l c u l a t i o n s ,  only the  range from 0=90 t o  0=40 t o  35 i s  

programmed f o r  t h e  computer. The computer is  programmed t o  consider  

meshes from 0=90' t o  e=45 . I f  t h e  d i s tu rbance  from t h e  impact reaches the  

edge of t he  meshes a t  8=45 , the computer extends t h e  meshes t o  0=40 , e tc .  

0 0 

0 0 

For c y l i n d r i c a l  coordinates ,  the z-axis  would be perpendicular  t o  t h e  paper. 

For t h e  s p e c i f i e d  coordinate system, t h e  s u r f a c e  of t he  s e m i -  

i n f i n i t e  s l a b  i s  below the o r i g i n  a t  t h e  p o s i t i o n  ' 

r s i n e  = 3R 
(15) 

where R i s  t h e  r a d i u s  of t he  impacting cy l inde r ,  o r  sphere.  It i s  t o  be 

observed t h a t  a l i t t l e  d i f f e rence  i n  t h e  n o t a t i o n  exis ts  between t h e  abwe 

equat ion and Equation 3.12 on page 39 i n  the  t h e s i s ,  bu t  t he  d i f f e r e n c e  i s  

obvious. 

The equat ion of t h e  trace of t h e  circumference of t h e  sphere,  

o r  cy l inde r ,  on a plane through t h e  p o i n t  of  con tac t  and which con ta ins  t h e  

normal a x i s  of  t h e  sphere,  o r  cyl inder ,  is given by equat ion 3 . 1 3  on page 40 

of t he  t h e s i s .  The equat ion i s  

2 2  2 
b - a + R - 2bR s i n e  = 0 

where a i s  t h e  r a d i u s  of t h e  c i r c l e  which has i t s  c e n t e r  a t  (b,;). I n  t h e  

nomenclature f o r  t h e  flow equations and f o r  Equation 15, above, t h e  r equ i r ed  

s u b s t i t u t i o n s  are b = 2R, a = R and R = r. With these  new v a r i a b l e s ,  t h e  

equat ion of t he  t r a c e  becomes 

a 2 2 
4R - R + r - 4Rr s i n 0  = 0 

o r  
2'0 - 4 R r  s in0  + 3R r 
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I n  the  t h  i s ,  t h  re i s  o f u r t h e r  d i r e c t  consider t i o n  of t h i s  equation. 

A t t en t ion  was cen te red  on programming the  boundary of t he  c i rc le  t o  m o v e  

i n t o  the  s e m i - i n f i n i t e  s o l i d  without d i s i n t e g r a t i n g ,  o r  f e a t h e r i n g  o u t  

beyond the  d e f i n i n g  edge. 

6 
A s  t h e  c i rc le  moves, t h e  method of Rich was followed t o  

c a l c u l a t e  t h e  p a r t i a l  areas i n  each mesh which are occupied by matter and 

t h e  p a r t  of t h e  mesh t h a t  is  empty. The thickness  of a l l  meshes was taken 

as the  same. From these  considerat ions and from d i scuss ions  wi th  t h e  author  

of t h e  t h e s i s ,  i t  i s  known t h a t  t h e  impacting shape w a s  taken t o  be a t h i n ,  

f l a t  cy l inde r  of constant  thickness .  This  i s  the  i n i t i a l  boundary condi- 

t i o n  f o r  a n  i n f i n i t e l y  long cy l inde r ,  and no t  f o r  a sphere.  The volume of 

each mesh, as used i n  the  t h e s i s ,  is  

A r  rA0 1 
(17) 

where t h e  d i s t a n c e  along t h e  z -ax i s  i s  taken as u n i t y  i n s t e a d  of Az. 

For a n  impacting sphere, w i t h  the  coordinates  and t h e  sphere 

pos i t i oned  as i n  Figure 8 on page 52 of the t h e s i s ,  t he  volume of each 

mesh i s  obtained by mult iplying t h e  su r face  area by the th i ckness ,  

r s i n e  A@. The volume of t h e  mesh becomes 

A r  rA8 rcsinO 
(18) 

where A@ i s  taken equal  t o  uni ty .  

be measured t o  t h e  "center" of t h e  mesh. This c o r r e c t i o n  i s  included 

i n  t h e  r e c a l c u l a t i o n  of t he  hyperveloci ty  impact of a sphere,  which is  now 

i n  progress .  

I n  t h e  d i f f e r e n c e  equat ions,  r should 
C'  

To summariqe these  cons ide ra t ions  on t h e  boundary condi t ions t h a t  

were introduced i n t o  the  d i f f e rence  equat ions and the computer are those f o r  
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a n  i n f i n i t e l y  10% cy l inde r ,  impacting a t  hyperveloci ty  on a s e m i - i n f i n i t e  

s l a b .  The a x i s  of the cy l inde r  is p a r a l l e l  t o  t h e  s u r f a c e  of t h e  s o l i d .  

The i n i t i a l  boundary cond i t ions  a r e  n o t  acceptable  for t h e  impact 

of a sphere.  With the  i n i t i a l  boundary condi t ions corresponding t o  a n  ' 

i n f i n i t e l y  long c y l i n d e r ,  and with two of t h e  four  flow equat ions c o r r e c t  

f o r  c y l i n d r i c a l  coordinates ,  the r e s u l t s  i n  t h e  t h e s i s  approximate more 

c l o s e l y  t o  the  impact of a n  i n f i n i t e l y  long cy l inde r  than t o  t h e  impact 

of a sphere.  

i n  t he  s o l u t i o n  f o r  t h e  impacting cy l inde r .  

It i s  i n t e r e s t i n g  t o  specu la t e  on the  magnitude of t he  e r r o r  

"CONSERVATIVE" FORM OF EQUATIONS FOR CALCULATION 
ON A DIGITAL COMPUTER 

3 The flow equat ions,  i n  t h e  form i n  which R a e  p r e s e n t s  them, are 

n o t  i n  the  b e s t  form f o r  c a l c u l a t i o n s  w i t h  a d i g i t a l  computer. The equat ions 

should be converted t o  the  "conservative" form, speaking i n  computer t e r m i ;  

mology. The equat ions t h a t  were presented i n  Sodek's t h e s i s  are i n  the 

conservative" form and the considerable  exe rc i se s  i n  v e c t o r  a lgeb ra  i n  

t h i s  r e p o r t  are r equ i r ed  t o  convert  them back t o  the  simple form t h a t  i s  

f a m i l i a r  and which are given by Rae .  

w r i t t e n ,  i f  f e a s i b l e ,  i n  "conservative" form, e r r o r s  and small dev ia t ions  

from the  s tandard forms of these equat ions are only obvious a f t e r  a n  exhaus- 

t ive  c a l c u l a t i o n .  

t h e s i s .  

11 

Since t h e  computer equat ions are always 

This  i s  t h e  only excuse f o r  missing the  e r r o r s  i n  the  

I n  t h e  l as t  s e c t i o n  of t h i s  r e p o r t ,  i t  was proposed t o  specu la t e  

on t h e  e r r o r s  t h a t  probably r e s u l t e d  from the use of t h e  i n c o r r e c t  equat ions.  

Before proceeding wi th  those specu la t ions ,  i t  i s  d e s i r a b l e  t o  c l a r i f y  and 

emphasis t he  computer programmer's i n t e r e s t  i n  ob ta in ing  t h e  equat ions i n  

the "conservative" form. The c l a r i f i c a t i o n  proceeds r a p i d l y  and with l i t t l e  
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e f f o r t  by re ference  t o  t h e  s p e c i f i c  example t h a t  fol lows,  

Consider an  erroneous equat ion which was introduced and is employed 

i n  the  t h e s i s .  

t he  i n c o r r e c t  Equation 6 i n  t h i s  report, is  an e x c e l l e n t  example. This 

equat ion  i s ,  however, i n  t h e  conservat ive form. The co r rec t ed  form of t h i s  

equat ion  i s  given i n  Equation 7 of t h i s  r e p o r t ,  bu t  t h i s  equat ion  is not  

i n  the  "conservative" form. The explana t ion  o f  t h e  term, "conservative",  i s  

apparent  when d i f f e r e n c e  equat ions a r e  formed from these  t w o  d i f f e r e n t i a l  

equat ions .  When cons ider ing  Equation 6 ,  every q u a n t i t y  i s  i n  d i f f e r e n t i a l  

form and the  d i f f e r e n c e  equat ion  can be s t a t e d  i n  terms of s p e c i f i c  va lues  

of t he  v a r i a b l e s  which correspond t o  the  s t a r t  and to  the end of  a t i m e  

i n t e r v a l ,  A t .  This  is i n  c o n t r a s t  t o  Equation 7 ,  where it is  no t  immediately 

apparent  a s  t o  which i n s t a n t  i n  the t i m e  i n t e r v a l ,  A t ,  t o  employ t o  eva lua te  
2 

t he  q u a n t i t i e s  w and r. I f  t he  term , is of t he  same o r d e r  of  magnitude r 

as t he  o t h e r  terms i n  the  d i f f e rence  equat ion,  and e r r o r  of 10 pe r  cent  i n  

t h e  choice of t he  c o r r e c t  i n s t a n t  i n  the  t i m e  i n t e r v a l ,  A t ,  could r e s u l t  i n  

a 10 per  cen t  dev ia t ion  i n  the  r e s u l t  f o r  each cyc le  t h a t  t he  s o l u t i o n  is run 

on t h e  computer. When t h e  problem is solved by repeated cyc l ing ,  t h i s  

error may become so l a rge  t h a t  the apparent  s o l u t i o n  is  not  an acceptab le  

s o l u t i o n  f o r  t h e  problem. 

The f i r s t  equat ion f o r  t he  conserva t ion  of  momentum, which is  

An obvious technique e x i s t s  f o r  overcoming t h e  d i f f i c u l t y  of no t  

having a "conservative" equat ion,  bu t  it requ i r e s  s e v e r a l  times t h e  amount of 

computer time t h a t  is requi red  f o r  t he  "conservative" form of t h e  equat ions.  

The problem must be solved f o r  s e v e r a l  values  of A t  and f o r  t he  eva lua t ion  

o f  w and r a t  d i f f e r e n t  i n s t a n t s  of t i m e  w i th in  t h e  time i n t e r v a l ,  A t .  

A f t e r  enough work, i t  w i l l  be  found t h a t  t he  s o l u t i o n  can be made to  converge 

on a s i n g l e  so lu t ion .  This  w i l l  be the  c o r r e c t  s o l u t i o n ;  bu t  an a n a l y t i c a l  

p roo f ,  t h a t  i t  is  t h e  c o r r e c t  s o l u t i o n ,  i s  q u i t e  d i f f i c u l t .  
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SPECULATION ON THE VALUE O F  SOLUTIONS WITH THE ERRONEOUS 
J?LOW EQUATIONS 

Since the  t h e s i s  w a s  completed before  the  e r r o r s  i n  i t  were 

discovered, t he  quest ion arises a s  t o  t h e  va lue  of t he  s o l u t i o n s  which are  

presented i n  i t .  Do the r e s u l t s  have s i g n i f i c a n c e  f o r  any a c t u a l  problem? 

The conclusion from the a v a i l a b l e  evidence i s  t h a t  the s o l u t i o n s  have some 

va lue  and t h i s  s u b j e c t  w i l l  now be discussed.  

probably dev ia t e  considerably from the impact of a sphere onto a s e m i -  

i n f i n i t e  s l a b .  I n  c o n t r a s t ,  the  gene ra l  f e a t u r e s  of the s o l u t i o n ,  without  

dependence on the q u a n t i t a t i v e  va lues ,  are probably c o r r e c t  f o r  the impact 

of a cy l inde r  of i n f i n i t e  length on a semi - in f in i t e  s l a b  when the  a x i s  of 

t h e  cy l inde r  i s  p a r a l l e l  t o  the f a c e  of the semi - in f in i t e  s l a b .  

The r e s u l t s  i n  the  t h e s i s  

The r e s u l t s  i n  the  t h e s i s  are probably i n  considerable  e r r o r  f o r  

t h e  impact of a sphere on a semi - in f in i t e  s l a b .  The g r e a t e s t  e r r o r  probably 

r e s u l t s  from the  i n i t i a l  boundary condi t ion which assumes t h a t  t h e  impacting 

element is  a t h i n ,  r i gh t - cy l inde r  i n s t ead  of a wedge. I n  a d d i t i o n  t o  t h e  

e r r o r  i n  t h e  i n i t i a l  condition, t h r e e  of t he  four  flow e q u a t i o n s a r e  i n  

e r r o r  f o r  t h i s  problem. These equat ions were discussed i n  a preceding 

s e c t i o n  of t h i s  r e p o r t  which was t i t l e d ,  "Correct Flow Equations i n  Cylin- 

d r i c a l  and Sphe r i ca l  Coordinates". 

I n  c o n t r a s t  t o  the case f o r  t h e  sphere,  t he  r e s u l t s  i n  t h e  t h e s i s  

do appear t o  approximate t h e  s o l u t i o n  f o r  t h e  impact of an i n f i n i t e l y  long 

cy l inde r  onto a semi - in f in i t e  s l a b .  

s o l u t i o n  i n  the  t h e s i s  are t h e  i n i t i a l  boundary condi t ions f o r  the impact 

of an i n f i n i t e l y  long cy l inde r ,  with i t s  a x i s  p a r a l l e l  t o  t h e  su r face  of the 

s e m i - i n f i n i t e  s l a b .  A d i s c  with the  shape of a t h i n ,  r i gh t - cy l inde r  i s  

assumed t o  impact on t h e  su r face  of t h e  s e m i - i n f i n i t e  s l a b .  

The i n i t i a l  boundary condi t ions f o r  t he  

The flow 
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equat ions f o r  t he  conservat ion of mass and the  conservat ion of energy are 

co r rec t .  There i s  a t e r m  omitted from each of t h e  two equat ions f o r  t h e  

conservat ion of momentum. The e f f e c t  of t h e  omission of t hese  two t e r m s  

w i l l  be considered by r e fe rence  t o  the  equat ions of flow i n  the  form t h a t  

Rae p r e s e n t s  them. 3 

Before d i scuss ing  the d i f f e r e n c e s  between t h e  i n t e g r a l  of t he  

c o r r e c t  and t h e  i n c o r r e c t  equations,  i t  i s  important t o  emphasize t h a t  t h e  

fol lowing comments must be considered as specu la t ive .  For c a l c u l a t i o n s  on 

t h e  computer, t h e  d i f f e r e n t i a l  equat ions must be converted i n t o  d i f f e r e n c e  

equat ions.  The i n t e g r a t i o n  proceeds with repeated a d d i t i o n s  of s l i g h t  

v a r i a t i o n s  of t he  d i f f e r e n c e  equations,  and any e r r o r  i n  t h e  d i f f e r e n c e  

equat ion i s  added two t o  f ive thousand t i m e s .  As a consequence, a ve ry  

small e r r o r  i n  the  d i f f e r e n c e  equat ion may produce a ve ry  s i g n i f i c a n t  

d e v i a t i o n  i n  t h e  q u a n t i t a t i v e  va lues  i n  t h e  r e s u l t s .  With these  consid- 

e r a t i o n s  i n  mind, t h e  following arguments concern only specu la t ions  on the  

general  form of the  r e s u l t s .  The c o r r e c t  form of the  two d i f f e r e n t i a l  

equat ions f o r  t he  Conservation of momentum are: 

These equat ions are the  c o r r e c t  forms of t h e  d i f f e r e n t i a l  equat ions,  and 

are n o t  t he  forms t h a t  were employed i n  the t h e s i s .  In  the  t h e s i s ,  t h e  

l a s t  t e r m  i n  each equat ion is  omitted.  The o rde r  of magnitude of t hese  

l a s t  terms is  now considered i n  r e s p e c t  t o  t h e  order  of magnitude of t he  
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other  t e r m s  i n  t he  equat ions.  

An inspec t ion  of the  curves i n  the  t h e s i s  show the  so lu t ions  

f o r  t he  d i r e c t i o n  and magnitude of t h e  v e l o c i t y .  It i s  apparent  t h a t  the  

v e l o c i t y ,  w ,  must be zero f o r  a l l  va lues  of 8 = 90 . This  va lue  of 8 

corresponds t o  the  v e r t i c a l  d i r e c t i o n  on the  p l o t s  which i s  the  a x i s  of 

t h e  impact. From considerat ions of symmetry, t h e r e  can be no flow i n  t h e  

ho r i zon ta l  d i r e c t i o n  across  t h i s  v e r t i c a l  a x i s .  Although w i s  zero,  t h i s  

does no t  r equ i r e  - t o  be zero.  As a consequence, t he  c o r r e c t i v e  terms i n  

Equations 8 and 11 become zero  on the  v e r t i c a l  axis.  

t h a t  the  s o l u t i o n  i s  unchanged on t h i s  l i n e .  When the  angle  dev ia t e s  from 

the  v e r t i c a l  by a small amount, t he  f i n i t e  va lue  of w quickly r e s u l t s  i n  

0 

dw 
d t  

This does no t  mean 

0 -9 
an  e r r o r .  For Equation 8 a t  8 = 85 , r = 3.0 R, t = 0.40 x 10 seconds 

and Vo = 36 kilometers  per  second 

1 4  
u = 4 0  a r  

16 
Q L 1 0  
P ar  

2 
W 12 - + 10 r 

It must be emphasized t h a t  t h e  sum of these  t e r m s  adds t o  the  va lue  of d!! . 
For the  o the r  angles  t h a t  a r e  less than 85 , t h e  order  of magnitude of the 

a t  
0 

terms have the  following approximate 

i n i t i a l  v e l o c i t y  a s  above. 

14 
u = 4 0  a r  

13 
W + 10 rae  

va lues  f o r  the  same t i m e  and the  same 

2 
13 W - - - l o  r 

A s  t i m e  and the  va lue  of r increases ,  t he re  i s  an  angle  i n  t h e  reg ion  of 
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0 
45 a t  which u = 0. This  region r e q u i r e s  s p e c i a l  cons idera t ion .  

The r e l a t i v e  va lues  f o r  Equation 11 are a l i t t l e  d i f f e r e n t .  

For angles  t h a t  a r e  less than 300, the  va lues  of  w a r e  usua l ly  less than 

those f o r  u. When 8 = 85 % r = 3.0 R,  t = 0.4 x 10 seconds andV, = 36 

k i lome te r s  pe r  second, t he  t e r m s  i n  the  momentum equat ion  have the  fol lowing 

order  of magnitude: 

0 -9 

ia 
U ai + 10 ar  

12 
W = + 10 rae 

13 
+ 10 uw - 

r 

For smaller va lues  of 8 , there  i s  not  much v a r i a t i o n  wi th  the  angle  except  

i n  the  v i c i n i t y  of t h e  ang le  a t  which u = 0; i .e.  when w i s  perpendicular  

t o  r .  This  l a t t e r  condi t ion  only holds  l a te  i n  the  impact. For the  

smaller angles ,  t he  order  of magnitude of t he  q u a n t i t i e s  i s  

14 
u * 4 0  a= 

13 uw - 4 10 r 

In*.-- - 
I L I ~ L C  is SGXC t e ~ ~ d e r i c y  for the  magnitude of t he  terms t o  inc rease  as t h e  

flow approaches t h e  su r face ;  bu t  t h e  r a t i o  appears  l i t t l e  changed. 

A few comments may assist  t o  summarize and c l a r i f y  the  preceding 

d iscuss ion .  The s o l u t i o n s  i n  the  t h e s i s  approximates t o  t h e  c o r r e c t  so lu-  

t i o n  b r  the  hyperve loc i ty  impact of an aluminum cy l inde r  onto a s e m i -  

i n f i n i t e  s l a b  of aluminum with the  axis of t he  cy l inde r  paral le l  t o  t h e  



face of  t he  s l a b .  The i n i t i a l  boundary condi t ions and two of t h e  fou r  

flow equat ions are c o r r e c t  f o r  t h i s  s o l u t i o n .  There is ,  however, one 

t e r m  t h a t  is  omitted i n  t h e  r a d i a l  momentum equat ion and another omitted 

t e r m  i n  t h e  t a n g e n t i a l  momentum equat ion.  The omitted t e r m  i n  t h e  r a d i a l  

momentum equat ion is of t he  order o f  one p e r  c e n t  of t h e  o the r  t e r m s  i n  

t h e  d i f f e r e n t i a l  equation. 

c a n t  e f f e c t  on t h e  general  f e a t u r e s  of t h e  flow p a t t e r n .  It c e r t a i n l y  

a f f e c t s  t h e  q u a n t i t a t i v e  values  i n  t h e  flow p a t t e r n ,  b u t  no t  by several 

o rde r s  of magnitude. For t h e  t a n g e n t i a l  momentum equation, t he  omitted 

t e r m  amounts t o  roughly 10 pe r  cen t  of t h e  other  terms. Except near t h e  

s u r f a c e ,  t h e  t a n g e n t i a l  momentum i s  less than t h e  r a d i a l  momentum. Since 

t h e  t a n g e n t i a l  momentum, mw, is  ze ro  on t h e  axis of impact, t h e  general  

f e a t u r e s  of t h e  s o l u t i o n  are probably c o r r e c t  on t h i s  axis. A s  the flow 

i s  considered a t  d i s t ances  t h a t  are  f a r t h e r  away from the  ver t ica l  axis, 

t h e r e  is  probably a general  i nc rease  i n  the  e r r o r .  

It is  quest ionable  i f  t h i s  t e r m  has a s i g n i f -  

I n  conclusion, t he  g e n e r a l  f e a t u r e s  of t h e  impact t h a t  are 

i l l u s t r a t e d  i n  t h e  s o l u t i o n s  a r e  probably c o r r e c t  f o r  the hyperveloci ty  

impact on a s e m i - i n f i n i t e  s l a b  of a n  i n f i n i t e l y  long cy l inde r  w i t h  t h e  

axis of t he  cy l inde r  p a r a l l e l  t o  t h e  su r face  of  t h e  s l a b .  There i s  

some e r r o r  i n  t h e  p l o t t e d  r e s u l t s  near  t he  su r face  which arises from 

t h e  use of t h e  i n c o r r e c t  flow equat ions.  Although the  gene ra l  f e a t u r e s  

of t he  s o l u t i o n  are probably c o r r e c t ,  t h e  q u a n t i t a t i v e  va lues  are cer; 

t a i n l y  i n  e r r o r .  

Added Note: It has j u s t  come t o  

obl ique,  hyperveloci ty  impact w a s  presented 

Hypervelocity Impact. In t h i s  paper,  Bjork 

our a t t e n t i o n  t h a t  a paper on 

a t  t h e  l a s t  SymPOSiUm on 

e t  a1 employ t h e  impact o f  a 7 
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cylinder with i t s  a x i s  paral le l  t o  the surface of the s lab,  as  an 

approximation t o  the impact of a sphere. 
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APPENDIX A 

D e f i n i t i o n  of Units of Energy 

The proof of t he  equations i n  Sodek's t h e s i s  may be c a r r i e d  through 

Probably t h e  e a s i e s t  method i s  t o  show the  equivalence of t h e  i n  several ways. 

equat ions i n  Sodek's t h e s i s  w i th  the v e c t o r  equat ions for components t h a t  a re  

given by Rae. The t h r e e  vector equations f o r  flow are reproduced from page 192 

1 i n  Richtmyer 's  book. 

ed t h e  equat ion of con t inu i ty )  i s  

The equat ion f o r  conservat ion of matter (usual ly  c a l l -  

The equat ion f o r  t he  conservat ion o f  momentum follows from one of Newton's 

laws of motion and is 

The equation f o r  the conservat ion of energy i s  

I n  h i s  book, Richtmyer g i v t s  c r e d i t  f o r  t h e  preceding formulation of t he  

l a w s  t o  Courant and F r i e d r i c h  . 2 

During t h e  d i scuss ion  i n  these  Appendices, I t  will he shown t h a t  

t h e  preceding equat ions are  equivalent  t o  t h e  equat ions f o r  t h e  s e p a r a t e  

components t h a t  are given by Rae.  3' 

by Richtmyer and by R a e  from the  equat ions i n  Sodek's t h e s i s  w i l l  a l s o  be 

shown. 

The d e v i a t i o n s  between the equat ions 

I n  the  t e x t  of t h i s  r e p o r t ,  it i s  s t a t e d  t h a t  Equation 1 i s  

c o r r e c t .  I n  order  t o  show t h i s ,  i t  w i l l  be necessary t o  use the  r e s u l t s  
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from equat ions t h a t  a r e  der ived from Equation b i n  these  appendices.  

be ind ica t ed  when the  equat ions a r e  introduced and the  form t h a t  is introduced 

w i l l  be proven i n  another  appendix. 

Equation 1, s t a t e s  

This  w i l l  

Sodek's equat ion ,  a s  reproduced by 

ds  
p d t  - = -O.(pG) 

The term on the  l e f t  is the  t o t a l  d e r i v a t i v e .  For c y l i n d r i c a l  coord ina tes  

and f o r  s p h e r i c a l  coord ina tes  when there  i s  no flow i n  the  t a n g e n t i a l  d i -  

rec t ion ,  r&, 

1 2  E e + L u2 + - w 2 2 
.h 

where e is t he  i n t e r n a l  energy, u i s  the  component of t he  t o t a l  v e l o c i t y ,  

u,  i n  t h e  d i r e c t i o n  of h r  and w is the  component of t he  t o t a l  v e l o c i t y  i n  

the  d i r e c t i o n  of r A Q !  S u b s t i t u t i n g  equat ion  e i n t o  equat ion d and expanding 

&. 

p z ( e + L u 2  d + - w  1 2  ) =.-pv . t -  
2 A r  2 rA8 

o r  

A r  

de du dw + r = - p p . f  - (Ur + w 
P d t  + pu;i;: p d t  rcle 

= - p p . t  - 11 = - , B E  
a r  rae 

Consider t h e  terms on the  l e f t  hand s i d e  of Eqiiatio:: f snd 

d i f f e r e n t i a l s  term by term. By d e f i n i t i o n ,  t he  f i r s t  term 

+'%' rAJ 

expand the  t o t a l  

i s  

and t h e  second term becomes 
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The t h i r d  term becomes 

The terms on t h e  r i g h t  i n  equa t ion  f must a l s o  be changed i n  form 

by s u b s t i t u t i o n .  

t h i r d  terms on the  r i g h t .  

and t h e  w-component f o r  t h e  momentum, which have not  y e t  been der ived i n  t h i s  

r e p o r t .  

Equat ion 3 i n  the  paper by Rae.3 

on t h e  r i g h t  is given by Rae t o  be 

The terms f o r  change a r e  included i n  the  second and t h e  

Thei r  values  a r e  s u b s t i t u t e d  from the  u-component 

For t he  p re sen t ,  t h e i r  values  a r e  obtained from Equation 2 and 

The va lue  of t he  d e r i v a t i v e  i n  t h e  second term 

.. 

and t h e  va lue  of t h e  term i n  t h e  t h i r d  term on the  r i g h t  i s  given by Rae t o  be 

equation f i s  now rewr i t t en  with the  expanded terms t h a t  have been 

c o l l e c t e d  between equation f and t h i s  paragraph. 
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A f t e r  t he  common terms a r e  canceled,  the  equat ion  s i m p l i f i e s  t o  

p ( % + t . p ) e  = - pv.6 

which is  equat ion c t h a t  was w r i t t e n  near  t he  s t a r t  of t h i s  appendix and is 

the  equat ion  t h a t  was taken from Richtmyer. 

f o r  c y l i n d r i c a l  coord ina tes  and f o r  s p h e r i c a l  coord ina tes  when t h e r e  is no flow 

i n  the  d i r e c t i o n ,  r A @ .  The conversion of t h i s  r e l a t i o n  t o  t h e  equat ion  i n  

c y l i n d r i c a l  coord ina tes  t h a t  appears i n  Rae's paper and the  equat ion t h a t  

appears  i n  Sodek's t h e s i s  i s  postponed u n t i l  cons idera t ion  of t he  conserva t ion  

of energy. 

This  vec to r  r e l a t i o n  is  c o r r e c t  

I 
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APPENDIX B 

Conservation of Mass 

I n  t h i s  appendix, it i s  d e s i r e d  t o  show t h a t  t h e  vec to r  equat ion 

from Richtmyer, equat ion a i n  Appendix A, is the  equ iva len t  of Equation 3 

i n  t h e  text.  A f t e r  t h i s  i s  shown, it w i l l  be  found t h a t  both are equiva- 

l e n t  t o  the  equa t ion  f o r  t h e  conservation of mass i n  t he  component form 

t h a t  is  given by Rae .  3 

As t h e  f i r s t  s t e p  i n  the proof,  expand Equation 3 from t h e  text  

3 C o l l e c t  i n  the  form t h a t  is  given by Rae 

Th i s  equat ion i s  f o r  c y l i n d r i c a l  coordinates  and corresponds t o  Rae's 

equat ion f o r  c y l i n d r i c a l  coordinates .  

This  same equat ion may now be found by expanding t h e  v e c t o r  

equat ion by Richtmyer t h a t  i s  given as Equation a i n  Appendix A .  Equation 

a i s  

When t h i s  equat ion is exqjaiidzd znd the v e c t o r  product i s  expanded i n t o  

c y l i n d r i c a l  coordinates  according t o  t h e  r e l a t i o n  given on page 25 of Jones 5 



Complete the product on the l e f t  and transpose terms 

This equation andEquation b i n  t h i s  appendix are the same. 
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APPENDIX c 

Conservation of Momentum 

The two components of the momentum equat ion are considered 

I n  the  v e r y  f i r s t  p a r t  of t h e  following series of proofs ,  s epa ra t e ly .  

t h e  component of t he  momentum i n  the d i r e c t i o n  of A r  i s  compared with 

the  component t h a t  i s  given by Rae and Kirchner' i n  t h e  Proceedings of 

t he  S i x t h  Conference on Hypervelocity Impact. 

t i o n s  7 and 8 i n  t h e  text are equivalent  and i s  a r a t h e r  t r i v i a l  e x e r c i s e .  

I n  t h e  second s e c t i o n  of t h e  f i r s t  p a r t ,  t h e  component of t h e  momentum i n  

t h e  d i r e c t i o n  of rAe i s  compared with the  component t h a t  i s  given by Rae 

and Kirchner.' Th i s  p a r t  i s  proof t h a t  Equations 10 and 11 i n  t h e  t e x t  

are equivalent .  

This is  a proof t h a t  Equa- 

As i n  t he  preceding appendices, i t  i s  d e s i r a b l e  t o  show t h a t  

1 
t he  v e c t o r  equat ion f o r  the conservation of momentum from Richtmyer , 

Equation b i n  Appendix A,  is  t h e  equ iva len t  of t h e  two component equat ions 

f o r  t h e  conservat ion of momentum t h a t  are  given by Rae .3  

shown i n  the  second p a r t  of t h i s  appendix. I n  defense of Sodek, i t  m e r i t s  

cons ide ra t ion  t h a t  he  had, and he used Richtmyer's equat ions bu t  he d i d  

n o t  have t h e  Rae equat ions f o r  the conservat ion of momentum i n  component 

form. 

This  w i l l  be 

As t h e  f i r s t  proof i n  t h i s  appendix, t he  proof of t he  equiva- 

l ence  of Equations 7 and 8 i n  the text proceeds i n  t h e  following manner. 

S t a r t  w i th  Equation 6 and perform the  p a r t i a l  d i f f e r e n t i a t i o n s  t h a t  are 

i n d i c a t e d  
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I n  t h e  second t e r m  on the  l e f t :  s i d e  of t h e  e q u a l i t y ,  s u b s t i t u t e  f o r  a t  
from t h e  i n c o r r e c t  Equation 3 i n  the text. Reca l l  t h a t  Equation 3 is  

i n c o r r e c t  f o r  c y l i n d r i c a l  coordinates  because one term i s  omitted.  This 

equat ion i s  s u b s t i t u t e d  i n  order  t o  f i n d  the  e r r o r s  i n  t h e  equat ions that 

Sodek used. 

Write the  expanded va lue  from equation b i n t o  equa t ion  a 

Cancel t he  common t e r m s  from both s i d e s  of t he  e q u a l i t y  s i g n  and c o l l e c t  

t h e  remaining terms on the  l e f t  s i d e  of t he  e q u a l i t y  s i g n  

Divide tnroug'n by and obtsic 

By comparing equat ion c wi th  Equation 8,  it is  apparent  t h a t  one t e r m ,  

- -  , i s  omitted from equat ion c .  r 

important ,  and t h i s  t e r m  w i l l  be considered aga in  i n  these  comments. 

2 
W The form of  the  omitted t e r m  i s  most 

Second Component of t h e  Momentum 
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The proof of t he  equivalence of Equations 10 and 11 proceeds i n  

the  fol lowing manner. S t a r t  w i t h  Equation 9 and perform the  p a r t i a l  d i f f e r -  

e n t i a t i o n s  t h a t  are ind ica t ed  

& 
a t  I n  t h e  second t e r m  on the  l e f t  s i d e  of the e q u a l i t y ,  s u b s t i t u t e  f o r  

from t h e  i n c o r r e c t  Equation 3. This i n c o r r e c t  equat ion i s  used f o r  t he  

same reason  as s t a t e d  under the  proof f o r  t h e  other  component. 

Cancel t he  common terms from both s i d e s  of the e q u a l i t y  s i g n  and c o l l e c t  

t he  remaining t e r m s  on the  l e f t  s i d e  of the e q u a l i t y  sign 

Divide through by p 

* + L d E + , X  + w  x = o  a t  P rae a r  rae 
By comparing Equation c with Equation 11, i t  i s  apparent  t h a t  one t e r m ,  

+ - , i s  omitted from Equat ion c. uw 
r 

Der iva t ion  of Component Equations from t h e  Vector Equation 

The preceding two sec t ions  i n  t h i s  appendix consider  equat ions 
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f o r  t h e  two components of  the vec to r  equat ion f o r  t h e  conservat ion of  

of momentum. I n  c y l i n d r i c a l  coordinates with no flow along the x -d i r ec t ion ,  

t h e r e  are only two components of t h e  v e c t o r  equat ion f o r  t h e  conservation of 

momentum. It w i l l  n o t  be  shown, but t h e  two components f o r  t he  c y l i n d r i c a l  

coordinates  are a l s o  t h e  only two coordinates  t h a t  are r equ i r ed  f o r  s p h e r i c a l  

coordinates  when t h e r e  i s  no flow i n  the t a n g e n t i a l  d i r e c t i o n ,  I‘ s i n  8 A . 
i n  t h e  preceding p roof s ,  i t  was found t h a t  t h e  equat ion i n  t h e  t h e s i s  omit 

one t e r m  from each of t h e  two component equat ions,  when t h e s e  equat ions are 

compared with the  component equations from Rae. I n  t h e  following proof ,  

t h e  v e c t o r  equat ion f o r  the conservation of momentum is  taken from Richtmyer 

and the  two component equat ions from Rae are found. 

1 

The v e c t o r  equat ion for  t h e  conservat ion of momentum i s  given 

by equat ion b i n  Appendix A. This equat ion i s  w r i t t e n  

There i s  a s h u r t  cut i n  t h e  no ta t ion  t h a t  i s  employed i n  t h i s  equat ion and 

i n  t h e  following proof .  In  t h e  above equat ion,  i s  t h e  v e l o c i t y  v e c t o r .  

I n  c y l i n d r i c a l  coord ina te s  w i t h  no f l o w  along the  z-axis ,  t he  components of 

u are  u i n  t h e  d i r e c t i o n  of A r  and w i s  t h e  d i r e c t i o n  of rA8. A f t e r  

t h e s e  t e r m s  are  introduced wi th  the  above s u b s c r i p t s ,  the fnllcrwing p r a c t i c e  

i s  t o  drop the  s u b s c r i p t s  and t o  remember t h e  d i r e c t i o n s  of u and w. 

A 

A r  r A8 

To reduce the form i n  equat ion a ,  introduce the  vec to r  r e l a t i o n  

(b) 1 (6.V) ti = 5 I7t.t - f x v x G 

S u b s t i t u t e  t h i s  form i n  equation a and t ranspose t o  o b t a i n  
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S u b s t i t u t e  t he  components of  u f o r  t h i s  v e c t o r  and the  r e l a t i o n  becomes 

a t  ‘ a t  P 

P a r t  i a  l l y  co 1 l e c  t ing the  terms , t h i s  becomes 

I n  c y l i n d r i c a l  coord ina tes ,  t he  value of - x i s  given by Equation 60 on page 

25 of Jone’s  t e x t .  5 

v x  u ’ = (  

+ ($ 

Since t h e r e  is no flow along the  z -ax is ,  v ~ 0 .  I n  a d d i t i o n ,  t h e r e  i s  no 
A Z  

change i n  the  v e l o c i t y  a long the  z-axis so t he  fol lowing r e l a t i o n s  hold 

These va lues  a r e  now s u b s t i t u t e d  i n  Equation d i n  o rde r  t o  o b t a i n  t h e  

fo  iiowing iediiixx! f o m  

To complete the  eva lua t ion  of 6 x v x  f, i n s e r t  t he  va lue  of 6 and of 

v x  ii i n  a mat r ix  
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A A 

u x  x u =  
A .ae A 2  

0 = + E - &  

2 

A r  

U W 0 

0 a r  r rae 

A A 

u x  x u =  

The value i n  Equation e must now be  subs t i t u t ed  i n t o  Equation c. I n  order  t o  

A .ae A 2  

0 = + E - &  

2 

A r  

U W 0 

0 a r  r rae 

obta in  the  change i n  v e l o c i t y  i n  the  A r  d i r e c t i o n ,  include only those terms 

from Equations c and e. 

Af te r  cance l ing  terms, t h i s  becomes 

2 
& + 1 he + - w + =i 0 
a t  P a r  a r  r rae 

which i s  Equation 2 i n  Rae's I f  the  change of v e l o c i t y  i n  the rAe 

d i r e c t i o n  is  d e s i r e d ,  c o l l e c t  those terms from equat ions e and c .  The v e l o c i t y  

i n  the rA8 d i r e c t i o n  i s  

Af te r  cancel ing terms, t h i s  equation becomes 

4 which is  Equation 3 i n  Rae's paper. 
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APPENDIX D 

Conservation of Energy 

I n  the  fol lowing discussion,  two d i f f e r e n t  proofs  are presented.  

The f i r s t  proof w i l l  consider  t h e  equat ion i n  t h e  t h e s i s  f o r  t h e  conserva- 

t i o n  of  energy. As i nd ica t ed  i n  t h i s  r e p o r t ,  t h i s  equat ion i s  c o r r e c t  f o r  

c y l i n d r i c a l  coordinates  provided the t o t a l  energy, e ,  is  used i n s t e a d  of  t h e  

i n t e r n a l  energy, e. After  t h i s  co r rec t ion ,  t h e  equat ion i n  the  t h e s i s  is 

c o r r e c t  f o r  both c y l i n d r i c a l  coordinates  w i t h  ze ro  flow i n  the  Az d i r e c t i o n  

and f o r  s p h e r i c a l  coordinates  with ze ro  flow i n  the  r SinfMqj d i r e c t i o n .  

A f t e r  t h e  preceding, s t ra ightforward,  b u t  ve ry  lengthy proof ,  t h e  second 

p a r t  of t h i s  appendix w i l l  show t h a t  Rae's component equat ion may be obtained 

from Richtmyer's v e c t o r  equat ion f o r  t h e  conservat ion of energy. 

Expansion of Equation from Thesis t o  Obtain Rae's Component Equation 

Replace t h e  i n t e r n a l  energy, e,  i n  Equation 14 i n  the text with 

the  n o t a t i o n  f o r  t h e  t o t a l  energy, 8 .  The preceding equat ion i s  i n c o r r e c t  

i n  the t h e s i s  w i t h  t h e  i n t e r n a l  energy, e,  i n s t ead  of  t h e  t o t a l  energy, 8 .  

A f t e r  t h i s  s u b s t i t u t i o n ,  i t  w i l l  be shown t h a t  t he  co r rec t ed  equat ion reduces 

t o  Rae's form. The equat ion t h a t  i s  t o  be proven is  

P a r t i a l l y  expand both s i d e s  of t h i s  equat ion 

h E + & ,  - b(pu2 - pu - - $E 
P a t  a t  b r  r rae rae 
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, b. 
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Complete t h e  expansion 

Replace t h e  t o t a l  energy, e ,  by i t s  va lue  from Equation 13 i n  t h e  text. 

The r e l a t i o n  i s  

The r e s u l t i n g  equat ion becomes very long bu t  everything i s  s t r a i g h t -  

forward 

On t h e  l e f t  hand s i d e  of t h e  preceding equat ion,  s u b s t i t u t e  f o r  t h e  va lue  

of  3.w 
a t  a t  
3.. 

and - from Rae's f s r m  of t h e  conservat ion of momentum equat ions.  

I n  t h e  text of t h i s  r e p o r t ,  Equations 8 and 11 are t h e  r equ i r ed  equat ions.  

With t h i s  s u b s t i t u t i o n ,  t h e  l e f t  s i d e  of t h e  preceding equat ion becomes 
c. 



Remove the  terms t h a t  cance l  between the r i g h t  hand of t he  e q u a l i t y  s i g n  i n  

Equation d and the  r i g h t  hand s i d e  of  Equation e ,  which is  d i r e c t l y  above. 

Divide the  reduced equat ion by p and rearrange the  terms 

n \ 

The equat ion f o r  t he  conserva t ion  of  mass i n  c y l i n d r i c a l  coord ina tes  i s  

Equation 4 i n  the  text.  This  equat ion is  

+ u b  + wae + p ( + = + ’) = 0 a t  a r  rae r a g  r 

Compare t h i s  equat ion with the  p a i r s  of terms on the  r i g h t  hand s i d e  of 

t he  e q u a l i t y  s i g n  i n  Equation f and t h a t  equat ion  reduces to the  fol lowing 

This  corresponds to  t h e  component equat ion f o r  t he  conservat ion of energy 

t h a t  i s  given by Rae. 3 

The preceding equat ion was der ived i n  c y l i n d r i c a l  coord ina tes ,  

and is  the  same equat ion  t h a t  i s  given by Rae f o r  s p h e r i c a l  coord ina tes .  

This  i s  weii-known, b u ~  IC is desira-hle to emphasize t h a t  t he  equat ion is 

the  same i n  both s p h e r i c a l  and c y l i n d r i c a l  coord ina tes  of the  type t h a t  

a r e  considered he re .  

Obta in ing  Rae’s Component Equation from Richtmyer’s Vector Equation 

A s  f o r  a l l  o t h e r  conservat ion equat ions ,  i t  i s  d e s i r a b l e  to  

show t h a t  t he  component equat ion from Rae’s papers come d i r e c t l y  from 

Richtmyer’s v e c t o r  equat ion.  Richtmyer’s v e c t o r  equat ion  f o r  t he  conserva t ion  
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p ( a - ii. o> e = - p 7. u a t  

Expand the  term on the  l e f t  

Perform the  ind ica ted  ope ra t ions  and the  equat ion becomes 

Now expand the  term on the  r i g h t ,  r e c a l l i n g  t h a t  t h e  divergence i s  i n  

c y l i n d r i c a l  coord ina tes  wi th  no spread i n  the  AZ d i r e c t i o n .  Use the  

d e f i n i t i o n  f o r  divergence i n  c y l i n d r i c a l  coord ina tes  t h a t  is given by Jones. 
5 

Refer t o  the  equat ion f o r  t h e  conservat ion of mass t h a t  i s  given i n  Equation 

4 of t h e  text. The equat ion  is 

The term i n  t h e  b racke t s  on the  r i g h t  s i d e  of equat ion c i s  the  same a s  t h e  

term i n  the  bracke ts  i n  Equation d. 

i n  Equat ion c. 

S u b s t i t u t e  f o r  t he  term i n  t h e  bracke ts  

Divide t h i s  equat ion  by p , and i t  becomes Rae's equat ion  f o r  t he  conserva- 

t i o n  of energy 


